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Abstract 

We describe various nonrelativistic contractions of two classes of twisted Poincare 
algebra: canonical one (^^-deformation) and the one leading to Lie-algebraic mod- 
els of noncommutative space-times. The cases of contraction-independent and 
contraction-dependent twist parameters are considered. We obtain five models of 
noncommutative nonrelativistic space-times, in particular, two new Lie-algebraic 
nonrelativistic deformations of space-time, respectively, with quantum time/classical 
space and with quantum space/classical time. 
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1 Introduction 



In the last decade the interest in a class of theories describing kinematics different from 
Special Relativity is growing rapidly. The main reason for such type of considerations 
follows from many phenomenological suggestions, which state that relativistic space-time 
symmetries should be modified (deformed) at Planck scale, while the classical Poincare 
invariance still remains valid at larger distances There are also several formal ar- 

guments based mainly on quantum gravity [5J, [6] and string theory [7j, [8] indicating that 
space-time at Planck-length should be noncommutative, i.e. it should have a quantum 
nature. 

An important candidate for a modification of relativistic symmetry in ultra-high energy 
regime, so-called K-deformed Poincare algebra, has been proposed in the Hopf algebraic 
framework of quantum groups in [9], [10]. As a result of contraction of q-deformed anti- 
De-Sitter algebra one obtains K-Poincare group which leads to Lie-algebraic space-time 
noncommutativity, the /t-Minkowski space [12] , with the mass-like deformation pa- 
rameter k. Besides, it also gives a formal framework for such theoretical constructions as 
Double Special Relativity (see e.g. [13]- [33]), which postulates two observer-independent 
scales, of velocity, describing the speed of light, and of mass, which can be identify with 
^-parameter and is expected to be of the order of fundamental Planck mass. 

In accordance with the general classification of all possible deformations of the Poincare 
group [T7J, there exist another two interesting modifications of relativistic symmetries. 
First of them corresponds to the so-called soft twisted Poincare Hopf algebra, and leads 
to very popular at present, canonical commutation relations for quantum Minkowski space 
HH]-[23] 

[ Xfi, x» ] = iO^u ; Oftu = const . (1) 

The second deformation, associated with deformation as well generated by twist, is closer 
to the K-deformed it introduces the Lie-algebraic type of space-time noncommu- 

tativity ([25]; see also [21]) 

[ %v ] ^Q^v-Ep J (2) 

with particularly chosen coefficients Q p being constants. Nevertheless, it should be noted 
that such a Lie-algebraic modification of relativistic symmetry looks simpler than the 
K-deformed one. Its classical r-matrix satisfies the classical Yang-Baxter equation, and it 
can be generated by a twist transformation of the undeformed Poincare Hopf structure 
|2b'j . Besides, in contrast to the K-deformed case, the explicit form of the corresponding 
quantum R-matrix is known. 

The deformations ([1]) and (T5]) are supposed to describe the kinematics of a very fast 
(relativistic) object in ultra-high energy regime. However, one can ask about their non- 
relativistic limit, i.e. about their deformed Galilei counterparts describing much slower 
objects in the transplanckian region. In the case of K-Poincare algebra there exist two 
nonrelativistic contractions to Galilei group depending on the way in which we embed 
parameter c in k [27]- [29]. First contraction uses substitution k = k/c and in the con- 
traction limit c — > oo follows the K-deformed Galilei algebra firstly studied in the article 
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[27]j. The second one (k is replaced by kc) has been investigated in the context of so- 
called extended deformed Galilei Hopf structure ([25]. [25] . see also [20]- [33]), and in the 
presence of additional central generator leads to the extended K-deformed Galilei group 
|28j . The main consequences of these contracted algebras, for example the type of cor- 
responding noncommutative space-times or differential calculi, have been studied in [28] . 
[29] . Besides, it was also shown (see e.g. [31]) that the above quantum groups, similarly 
as their relativistic counterparts, exhibit the bicross- product structure [36J. 

The main aim of present paper is to consider nonrelativistic quantum contractions with 
c-dependent twist parameters in context of canonical and Lie-algebraic twisted Poincare 
group [19] , [25] . In such a way we find three new, deformed Galilei Hopf algebras, which 
can be also obtained by twisting of the classical Galilei Hopf algebras. Further, we also 
investigate the simplest type of relativistic contraction with c-independent deformation 
parameter [37] (see also [3H]). In such a way we recover two quantum groups corre- 
sponding to the soft- and Lie-twisted Poincare algebras - the soft- and Lie-twisted Galilei 
algebras. Finally, we derive the corresponding noncommutative "space-times" describing 
the representation spaces (Hopf modules) of our Galilean twisted quantum groups [39] . 

The paper is organized as follows. In second Section we recall basic facts concerning 
the soft and Lie-algebraic twisted relativistic symmetries. Sections three and four are 
devoted to their nonrelativistic contractions to Galilei quantum groups with contraction- 
independent and contraction-dependent twist parameter, respectively. In Section five we 
derive the corresponding nonrelativistic deformed space-times. The results are discussed 
and summarized in the last Section. 



2 Canonical and Lie-algebraic twisted Poincare alge- 
bra 

In this section we review some known facts concerning the soft and Lie-algebraic twisted 
classical Poincare algebras (see [19], [20], [25J ) , which we denote by UeiV) and U^(V), 
respectively. 

First of all, let us start with canonical twisted modification of relativistic symmetry 
with carrier algebra described by commuting fourmomentum generators P^. According 
to [T7J (see also [IB]) its classical r- matrix looks as follows 

r e = ^P (t AP u , (3) 

with a Ab = a®b — b ® a and 9^ = —9 vtl . Such Abelian r-operator satisfies trivially the 
classical Yang-Baxter equation (CYBE) 

[[ r e , r e )) = [ r d i2, r 6 iz + r e23 ] + [ r ei3 , r e23 ] = , (4) 

-"^This contraction is rather of mathematical nature. If we relate e.g. k with Planck mass, this 
contraction corresponds to vanishing Planck mass. 
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where the symbol [[ •, • ]] denotes the Schouten bracket while r ei2 = |6^P p A P u A 1, 
r ei3 = \d^ u P^ A 1 A P v and r e23 = \Q» u l A P M A P v . We get the 0^-defonned Poincare 
algebra by twisting of the classical coproducts with use of the twist factor 

^ = expi(^P M AP v ) , (5) 



satisfying the classical cocycle condition [40] 

F m ■ (A ® 1) ^ = ^23 ■ (1 ® A Q ) ^ , (6) 
and the normalization one 

(e ® 1) JF e = (1 ® e ) JF = 1 , (7) 

with = Tq ® 1 and jF e2 3 = 1 ® JF^. The algebraic sector of Ug(V) is not changed, 
while coproducts and antipodes transform according to 

A (a) -> A e (a) = o A (a) o .P" 1 , (8) 

S e (a) =u(6)S (a)u-\e) , (9) 

where A (a) = a®l + l®a, 5 (a) = —a and tt(0) = 52 /(i)<S'o(/(2)) ( we use Sweedler's 
notation P = 52/(1) ® /(2))- The twisted Hopf algebra Ug(V) has the form (77^ = 
(-,+,+,+)) 

[ M M „ M-pa ] — i (77^ M„„ - r] va M w + r/„ p M M(T - r) w M va ) , (10) 
[M AB/ ,P p ] = i(^ p P M -^P 1/ ) , [P Ai ,P„]=0, 

with coalgebra 

A 9 (P M ) = A Q (P M ), 

A,(M M ,) = P e o Ao(JV) o J"- 1 

= A Q (M MI ,) -eP% Vm P v - Vp „ P M )®P CT (11) 

+Pp ® (VafiPu - VaiyPfj,)} , 

and the classical antipodes and counits 

S e {P^) = -P» , Se(M^) = -M M „ , e(M M „) = e(P M ) = . (12) 

Let us now turn to the Lie-algebraic twist of Poincare algebra U^(V) [25] (see also [24] ) 
with carrier algebra described by three commuting generators M a p , P t where e 7^ a, (3 
and where the indices a, /3 are fixed. The corresponding classical r-matrix has the form 

m 

r c = ^( x P x AM af3 , (13) 
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with the vector ( x having vanishing components £ a , C 8 - I n particular, the r-matrix f|T3|) 
for the special choices {M a/3 = M 03 ,e = 1,2} and {M a p — M 12 ,e = 0,3} has been 
discussed some time ago in [24J and also considered very recently in |35j. Obviously, the 
operator ({TBI) satisfies the classical Yang-Baxter equation (TjJ, and twist factor correspond- 
ing to (|T3|) looks as follows 

J- ( = exp ^(C A P A AM a/3 ) . (14) 

Using the twist procedure one gets (besides the undeformed algebraic commutation rela- 
tions ( fTUI) ) the following coproducts 



A C (P M ) = A (P^ + H) 7 sinh(r£ A P A ) A(VcvPp-VfrP a ) (15) 

+ (cOsh(i 7 £ A P A ) - 1) -L (VaaVafiPa + VPPVP^Pp) > 

A C (M^) = A (M^)+M a/3 Ae A (^AP,-^AP M ) (16) 

+ z[M^,M a/3 ] AH)^sinh(^ A PA) 

+ [[M/ju,, M af3 ] , M Q/3 ] 1 (-l) 1+7 (cosh(P£ A P A ) - 1) 

+ M aP {-i)~< sinh(^ A P A ) JL e A (ipxPa ~ XxPp) 

+ ^ (lpXV*aPf3 + XxVfSpPa) A M a/3 (-l) 1+7 ( C Osh(^ A P A ) - 1) , 



where, in the above formulas a^b = a®b J r b®a, 

C A 

£ A = y , ^A = VvXVPn - fyA^ , XA = VvXVan ~ V^XVau , 

and 7 = when M a p is a boost or 7 = 1 for a space rotation. Antipodes and counits 
remain classical. The relations (jTOl) and (|T5|) . (|T6|) define the Lie-algebraic twist defor- 
mation U^(V) of Poincare algebra. Of course, we get the undeformed classical Poincare 
Hopf structure Uq(V) in the ( — > limit. 



3 Nonrelativistic contractions of twisted Poincare al- 
gebras: contraction-independent twist parameters 

In this section we present the nonrelativistic contractions of Hopf structures described 
in previous section, i.e. we find their nonrelativistic counterparts - the ^^-Galilei alge- 
bra Ue{Q) and Lie- algebraic one U^{Q). For this purpose let us introduce the following 
standard redefinition of Poincare generators [37] 

Po = y ' Pi = Ui ' M v = K ij > M i0 = cVi, (17) 

where parameter c describes the light velocity. We begin with canonical twisted algebra 
Uq(V). In a first step of contraction procedure one can rewrite the algebraic relations 
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(JTOj) . coproducts ffTTl) . antipodes and counits f|T2|) in terms of new generators n , H, K^, 
Vi. Next, one should take a proper nonrelativistic limit (c — > oo) of rewritten formulas. 
In such a way we obtain the classical D = 4 Galilean algebra 

[ -fr'ii, K k i } = i (5u K jk — 5ji K ik + djkKu — 5 ik Kji) , 

[ Ky, V k )=i (S jk Vi - S ik Vj) , [ ify, ILJ = i (r] jp IT; - r] ip ILj) , (18) 

[v i ,v j ] = [v i ,u j ] = o , [y i ,n ] = -in i , [n p ,n a ] = o, 

and the following deformation of coalgebraic sector 

A e (II p ) = A (n p ) , Ag{Vi) = A {Vi) , (19) 

A e (K i3 ) = A (K ij )-e kl [(5 ki Il J -5 kj U i )(g)U l (20) 

+n fc ® (^n, - %n<)] . (21) 

The antipodes and counits remain undeformed 

S{U P ) = -U P , S{K l3 ) = -K l3 , S(V^ = -Vi, (22) 

e(n p ) = e(Kij) = e(Vj = , (23) 

where k, I — 1, 2, 3. The relations ffT8l - fT23l constitute the Hopf algebra structure which 
we shall call the canonically deformed Galilei Hopf algebra IAq(Q). We note that one can 
also perform the contraction of classical r-matrix ([3]) and of the twist factor (jSJ). We get 
([H], see also [12]) 

r e = ^n fc Alh, (24) 

and 

= exp^(0 fc, n fc AlI l ) , (25) 

respectively. We see that the r-operator ( l24l) satisfies the classical Yang-Baxter equation 
(jlj) while the factor (jHJ) defines twist element, which satisfies the classical cocycle and 
normalization conditions (EJ), (JTj), and provides the formulas (TT9l -( l2TT) 

In the case of Lie- type twisted Poincare algebra U^(V) the contraction is more compli- 
cated. For carrier algebra { M k i, P 1 ; 77^ k, I, } one can check that after contracting the 
formulas ffT5l) and ([IE]) we get the classical Galilei algebraic sector ffTSl and the following 
deformed coproducts 

A c (n ) = A (n ), (26) 

A c (Ui) = A (IT) + sin(en 7 ) A (fell; - 5 u U k ) (27) 
+ (cos(£IT 7 ) - 1) ± (5 kl U k + foil,) , 
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+ % [Kij, Km] A sin(£II 7 ) 

+ [[Kij, K kl ] , K H ] ± (cos(en 7 ) - 1) (28) 

+ K M sin(^II 7 ) _L £ (^ 7 II fc - XjH-i) 

+ f (^ 7 n ; + x 7 n fc ) a Km(cos(£ii 7 ) - 1) , 



A c (^) = A (Vi)+i[Vi,K k i\ Asin(en 7 ) (29) 

+ [[^,^],^]±(cos(en 7 )-i), 

where 

The antipodes and co units remain classical (see ([2"2l . fl2"3"j) ). One can also derive the 
contraction limit for the (^-deformed classical r-matrix 

r C = ^Cn 7 Ai^, (30) 
which satisfies the classical Yang-Baxter equation 

[[r Cl r f ]]=0. (31) 
Similarly, by contracting ({TBI) we get the following twist factor 

/C c = exp l - (C n 7 A K kl ) , (32) 

which can be used to get U^{Q) by twisting the classical Galilei Hopf algebra Uq{Q). 

In the case { M k i, P (7 = 0)} the contracted algebra is trivial, i.e. its coproducts are 
primitive while its classical r-matrix disappears 

r ? = , A f (o) = A (o). (33) 

On the other side, for the carrier algebra containing boosts { M kQ , Pi ; k 7^ 1} the con- 
traction limit (1171) does not exist. In fact, one can check that the coproducts for rotations 
and corresponding classical r-matrix are divergent in the contraction limit c —>■ 00. 



4 Nonrelativistic contractions of twisted Poincare al- 
gebras: contraction-dependent twist parameters 

Let us now look at the contraction with light velocity c hidden in the deformation param- 
eter of quantum group. As already mentioned in Introduction such a type of contraction 
has been investigated in the case of K-Poincare Hopf algebra [28|, [29] . 
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We begin with the canonical deformation Uq(V) with 9^ v = 9^ v '/k ([k] = L^ 1 ). Let 
us introduce the parameter k such that k — k/c ([k] — T _1 ). We perform the contraction 
limit of co-sector ffTTj) in two steps. Firstly, we rewrite the formula ffTTj) in term of the 
operators ffTTj) and parameter k. Next, we take the c — > oo limit and in such a way, in 
the case 9^ = and 9 0% = one gets 

lim A^ILJ = A (riJ , (34) 

c^oo 

QOk 

lim Agoi^ij) = A (Kij) - — n A (foil,- - S kj Ui) , (35) 

c^oo ' K 

QOk 

lim Afloi^) = A {Vi) - —Ui A n fc . (36) 

c^oo ft; 



The algebraic relations (fTOj) and coproducts (|34l) - (l36j) constitute the canonical deformed 
Galilei Hopf algebra U§_(Q) with the corresponding classical r § -matrix 

k k 

QOk 

r § =— n An fc , (37) 

ft K 

and the following twist factor 

( i9 0k \ 
K L = exp — n A life J . (38) 

Unfortunately, one can check that for 9^ ^ the contracted coproducts become in the 
limit c — > oo divergent. 

If we introduce a new deformation parameter ~k; k = ~Rc ([k] = TL~ 2 ), one can repeat 
the above contraction procedure. In such a way, in the contraction limit, we obtain 
however the undeformed Galilei Hopf algebra Uq{Q). 

In the case of Lie-algebraic space-time noncommutativity corresponding to lA^iV) with 
£ = - the situation is more complicated. For k = k/c and carrier { M k i, Po}, we get the 
Lie-algebraic Galilei algebra U^{Q) with classical algebraic sector (fIBl) . Its coproducts for 
momentum and rotation are given bv (j2S]l - (j2g]l with 7 = 0, C = 4, while for boost it looks 
as follows 

a c (v<) = A (y) + ^r^ An, + z[y,^] Asi^^no) 

ZK 2K 

+ [[y,^],K M ]i_(cos(^n )-l) (39) 

+ if w sin(^II ) _L (4^11^ - <5^n fc ) 
2k Ik 

- ^ (fen fc + <f K n { ) a ^(cos(^no) - 1) . 

2k 2k 
One can also check that its classical r-matrix has the form 

rf l) = ^ n A K kl , (40) 



and the twist element is given by 



4 fc ' Z) =exp^(n A^)- (41) 

In the case { Mki, P 7 ; 7 7^ k, I, } it is easy to see that the coproducts for rotations do 
not have the contraction limits. The similar situation appears for "boost-like" carrier 
{ Mfco, Pi ; k ^ 1} - the rotation coproduct is divergent. 

For k = ~kc, by simple calculation one can check that in the case of "space-like" carrier 
{Mfcj,P 7 ; 7 7^ k, I } we get the undeformed Galilei algebra Uq(Q), i.e. its contracted r- 
matrix disappears (r^ = 0) and the coproducts remain primitive. For "boost-like" carrier 
{ Mfco, Pi ; k ^ 1} situation is less-trivial - the contracted Galilei Hopf algebra U-p-(G) is 
given by the classical commutation relations (ITS1) and the following coproducts 

A«(n ) = A (n ) + — n,Aii fc , (42) 

A w (U t ) = A (n,) , A K (y<) = Ao(^) , (43) 

A K (K i3 ) = AoiKij) + ^[K^Vk] AUi + ^VkAiSuUj-SjtUi) , (44) 

By straightforward calculations one can check that the above quantum group can be 
obtain by twist transformation of the classical Galilei algebra with use of the following 
factor 

4' fe) = exp-^(IhA^). (45) 

5 Noncommutative Galilei space-times 

In previous sections we found by nonrelativistic contractions five deformations of Galilei 
Hopf algebras. Two of them correspond to the simplest contraction (fl71) with c-independent 
parameter of deformation (Section 3). They are given by: 

i) the deformed relations (Tl9~I) - (l2Tl) for canonically deformed U$(Q), 

ii) the deformed formulas f[26]) - (T29|) for Lie- algebraic type deformation with carrier 
{M fc/ ,P 7 ;7 7^M,0}- U C {Q). 

We also get the quantum groups corresponding to the contraction (fT7|) with the parameter 
c hidden in k = k/c (see Section 4). In the case of canonical deformation we obtain: 

iii) the quantum Galilei group U$(G) equipped with the deformed coproducts (1341) - 
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For Lie- algebraic noncommutativity, in the case of carrier { Mjy, Pq }, we get: 

iv) the deformed coproducts (l2Sl) - (j281) with 7 = supplemented by the formula (13"9l . 
Finally, if we perform the contraction ([IT]) with parameter k = Kcwe have: 

v) the Galilei Hopf algebra Uk(G) with deformed coproducts ( )42l) - (l44l) for { Mko,Pi ', 

In this section we construct nonrelativistic space-times corresponding to the Galilei 
quantum groups i) - vjE They are defined as the quantum representation spaces (Hopf 
modules) for quantum Galilei algebras, with action of the deformed symmetry generators 
satisfying suitably deformed Leibnitz rules [39], [19] . [20] . The action of Galilei group on 
a Hopf module of functions depending on space-time coordinates {t,Xj) is given by 

ILo>f{t,x) =id t f{t,x) , Ui>f(t,x) = idif(t,x), (46) 

and 

K i:j >f(t,x)=i {xidj - xjdi) f(t, x) , Vi> f(t, x) = iffy f(t, x) , (47) 
while the ^-multiplication of arbitrary two functions is defined as follows 

f(t, x) *. git, x):=uo (/C7 1 > fit, x) ® g{t, x)) . (48) 

In the above formula /C. denotes twist factor corresponding to a proper Galilei group and 
uj o (a ® b) = a ■ b. 
Hence, we have: 

i) the twist factor ( 1251) is represented by 

K o = exp(-^0 kl d k Ad^ , (49) 

and using the formulas (1481) . (149"]) one can check that "time-like" commutators 
vanish 

[ t, X, L ]*„ = t-kgXi - Xi-kgt = , (50) 

while " space-like" ones introduce a canonical type of noncommutativity 

[x,i, xj ]* s = i9 kl (5^1 - S jk 6ii) = 2i9 ij . (51) 

The relations (150]) and (15T]) describe the nonrelativistic "magnetic" form of known 
canonical deformation of Minkowski space coordinates. 



2 The similar classification of twist factors and corresponding superspaces in the case of superconformal 
algebra has been proposed in [43] . 
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ii) For Lie-algebraic deformation U^(Q) the twist factor (1321) is represented on Hopf 
module as follows (see (J4"6"j) . (jUj)) 

/C c = exp f~^C <9 7 A (x k di - xidk^j ; 7 ^ k,l,t . (52) 

Using (j4"8"j) and (152]) we obtain the following commutation relations 

[x^Xj]^ = i(8 7j (8 ki xi - 5 H x k ) + iCS^iSijXk - 5 kj xi) , [t,£;]* c = 0, (53) 

which define the new model of Lie-algebraic ^-deformed space-time for Galilei 
algebra Uq{Q). 

iii) In this case the twist factor (1551) is given by 

( i6 0h \ 
K t = exp — dt A d k . (54) 

while corresponding space-time noncommutativity, due to (I48p and (1541) . has the 
form 

=2— , [a*,:^]*, = , (55) 

K K K 

and corresponds to "electric" deformation of Minkowski space coordinates. 

iv) For Uf-(G) the twist factor (14T1) and corresponding space-time are given by 

K k = exp y-^z d t A (x k di - xid k )*j , (56) 

and 

[t i x i ] icli = -(SiiX k -S h iXi) , [xitXj]^ = , (57) 

respectively. We see that we obtained by (1571) the nonrelativistic variant of 
^-Minkowski space with classical three-space and quantum time. 

v) Finally, for quantum group U^(Q) we have (see (j4"5l) ) 

/Q = exp (-1-d^tdA . (58) 
We also obtain the following commutation relations 

[x h xj = -t(6u5 kj - dkiSij) , [t, Xi = . (59) 

The deformation (1591) of nonrelativistic space-time describes conceptually new type 
of noncommutativity. It should be interesting to consider dynamical models based 
on deformed space-time (l5"9"j) . with quantum space and classical time coordinate 
(see pj). 
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6 Final remarks 



In this paper we investigate three different nonrelativistic contractions of soft and Lie- 
algebraic Poincare algebras. In such a way we get five deformations of Galilei groups 
- three of Lie-type and two of a soft kind. Further, we derive as well the correspond- 
ing nonrelativistic space-times representing the Hopf module of our Galilean quantum 
algebras. 

The present studies can be extended in various ways. First of all, one can construct 
associated with the presented algebras suitable phase spaces derived with the help of 
Heisenberg double construction [36], [35], [16], [27]. Besides, we could also look for the 
dual Galilei quantum groups, which can be recovered with use of FRT method (see [15] ) 
or by canonical quantization of a proper Poisson-Lie structure [UJ, [32] • Finally, one can 
ask about explicit realization of others D = 3 + 1 Galilei Hopf algebras and their deformed 
space-times, which are predicted by the general classification of all "nonrelativistic" clas- 
sical r-matrices [41] (see also for two-dimensional case [50], [51]). These problems are 
under considerations and they are postponed for further investigation. 
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